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A necessary and sufficient condition is given for a positive integer to appear 
as the denominator of some reduced Dedekind sum. 
1. INTR~DUC~~N 
The ordinary Dedekind sum s(h, k) is defined for h, k E Z+, (h, k) = 1 by 
k-l 
where 
It can be shown that s(h, k) is an integer if and only if k l(h2 + l), in which 
case s(h, k) = 0 (see [l, p. 4461). Otherwise, s(h, k) is a rational number 
which we will say is reduced if the fraction is in lowest terms. The purpose of 
this paper is to prove the following 
THEOREM. Let n 3 2 be an integer. Then n is the denominator of some 
reduced Dedekind sum if and only if n E A, where 
A = {m EZ+ : m = 0, 1, 5, 8, 13, 14, 16, 17, 18,22,25,27,29, 32, 37, 38, 
40, 41,46,49, 53, 56, 61, 62, 63, 64, 65, or 70 (mod 72)). 
2. NOTATION AND LEMMAS 
Define S C Z+ x Z+ as follows: 
S={(h,k):h,kEZf,(h,k)= 1,k+‘(h2+ l)}. 
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For (h, k) E S, let 
t(h, k) = 6k . s(h, k), 
WI, k) = (6k, t(h, k)), 
and 
y(h, k) = (k, h2 + l), 
where (a, b) denotes the greatest common divisor of a and b. Note that 
(1) 
(2) 
y(h, k) = (2, k) . p, (3) 
where p = p(h, k) is the product of not necessarily distinct primes congruent 
to 1 (mod 4). This is due to the fact that all odd prime divisors of h2 + 1 are 
congruent to 1 (mod 4), as can be seen by the fact that the Legendre symbol 
(- l/p) equals (- l)(P-1)/2. 
LEMMA 1. Let (h, k) E S. Then t(h, k) E Z and 
t(h, k) = h(k - 1)(2k - 1) - #k(k - 1) (mod 61, (4) 
if k is odd, and 
t(h, k) = h(k - 1)(2k - 1) - $k(k -- 1) + &,S (mod 12), (5) 
if k is even, where 
1 
0, if k z 0 (mod 4); or if k = 2 (mod 4) and h = 
ph,k = 6, if k = 2 (mod 4) and h = 3 (mod 4). 
Proof. We have that 
B-1 
t(h, k) = 6k . s(h, k) = 6k . 1 (n/k)((nh/k)) 
T&=1 
k-l 
= 6k * c (n/k)((nh/k) - [nh/k] - 
?I=1 
since (h, k) = I and 1 < n < k - 1 imply that nh/k $ Z. Hence 
IC-1 k-1 k-l 
t(h, k) = Wk) c n2 - 3 c n - 6 c n[nh/k], 
n=l n=l n=l 
1 (mod 4), 
(6 
which implies (4). 
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For k even we have 
+ k . ‘*I:; ((h - 1) - [$] j - (h - 1) ‘“z;/r, 
and hence 
Therefore 
k-l 
6 c 4Wkl = tLh.k (mod 12), 
?I=1 
which along with Eq. (6), implies (5). a 
Define the functions + and ek as 
I 
(6, t(h, k)), if k is odd, 
Ek = 9(12, t(h, k)), if k is even, 
and, for even k, 
ek = 2 ’ ck . 
Note that Ek does not depend on h, as can be seen by inspection of 
the following tables, computed using Lemma 1. So, for example, if k = 0 
(mod24), then t(h, k) = 1, -1, 5, or -5(mod 12) for h = 1, -1, 5, or 
-5 (mod 12), respectively. 
LEMMA 2. If(h, k) ES, then S(h, k) = Ek . y(h, k). 
Proof. The reciprocity theorem for Dedekind sums states that 
dh, 4 + 4% h) = -4 + M(W) + (k/h) + (llhk)). 
Various proofs of the above can be found in [2, pp. 4-251. After multiplying 
both sides by 12hk, we find that 
2het(h,k)+2k*t(k,h)= -3kh+h”+k2+ 1, 
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TABLE I 
(h, k) E S with k odd 
k (mod 12) t(h, k) (mod 6) Q 
1 0 For all h 6 
3 il Whenh= rtl(mod3) 1 
5 0 For all h 6 
7 3 For all h 3 
9 !c4 When h E f  1 (mod 3) 2 
11 3 For all h 3 
TABLE II 
(h, k) E S with k even 
k (mod 24) t(h, k) (mod 12) Q -3 
0 fl, 55 
2 0 
4 i3 
6 ItlO 
8 f9 
10 0 
12 *7, zkll 
14 6 
16 19 
18 f4 
20 +3 
22 6 
When h = iI, &5 (mod 12) 
For all h 
When h = f  1 (mod 4) 
When h = il (mod6) 
When h = il (mod4) 
For all h 
When h = il, 15 (mod 12) 
For all h 
WhenhE fl(mod4) 
When h = 41 (mod 6) 
When h = f  1 (mod 4) 
For all h 
-i 
6 
% 
; 
6 
B 
3 
t 
i 
3 
1 
12 
3 
2 
3 
12 
1 
6 
3 
4 
3 
6 
and hence 
2h * t(h, k) I h2 + 1 
From the above congruence we have 
(mod k). 
y(h, k) = (h2 + 1, k) = (2h * t(h, k), k) = (2 * t(h, k), k). (7) 
For the remainder of the proof we let t = t(h, k) for short. 
Suppose that k is odd. Then (7) implies that y(h, k) = (t, k). Now we use 
(3) to get that 
0, k, 6) = ((t, k), 6) = (y@, k), 6) = 1, 
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which implies 
W, Wy(h, k) = 0, W/(t, k) = (j,6> = ok . 
Suppose that k is even, k = L?K, say. Then (7) implies that y(h, k) = 2(t, K). 
Again using (3) we get that 
(6 K, 12) = ((4 K>, 12) = (y(h W, 1.2) = 1, 
which implies that 
a@, k)/y(h, k) = (t, 12K)/(2 * (t, K)) = S(t, 12) = ek . [ 
Denote the reduced denominator of s(h, k) by d(h, k). Using (1) and 
Lemma 2, we have shown that for (h, k) ES, 
4k k) = W(+ - 10, WI. (8) 
3. PROOF OF THEOREM 
We first show that if n E A, then n occurs as the denominator of the reduced 
Dedekind sum ~(1, m), where m is some divisor of n. If n = 0 (mod 72), let 
m = n/6, and we have that 
d(l, m) = 6m/($ - (m, 2)) = 6m = n, 
using (2), (8), and Table II. 
If n = 1 or 5 (mod 12), then 
d(1, n) = 6n/(6 - (n, 2)) = n. 
If n = 14 or 22 (mod 24), then 
d(1, n) = 6n/(3 * (n, 2)) = n. 
If n = 27 (mod 36), let m = n/3, and we have that 
d(l) m) = 6m/(2 - (m, 2)) = 3m = n. 
If n = 8 or 16 (mod 24), let m = n/2, and we have that 
d(1, m) = 6m/(# - (m, 2)) = 2m = n. 
If tl= 18 (mod 72), let m = n/6, and we have that 
d( 1, m) = 6m/( 1 - (m, 2)) = 6m = n. 
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These six cases cover all of the 28 residue classes in A. The fact that these are 
the only residue classes that can occur will follow from the next 
PROPOSITION. Let k be any even positive integer, and n E AC, where AC 
denotes the complement of A with respect to the positive integers. If p is any 
positive integer with (p, 12) = 1 and p = 1 (mod 4), then the equation 
cannot hold. 
6k = n . e, . p 
This proposition immediately proves the second half of the theorem for 
even k. For suppose there exists (h, , k,,) E S with k, even, and n, E AC such 
that d(h, , k,) = n, . This implies that 
6W(ek, . po) = 4 , 
where (p,, , 12) = 1 and p,, = 1 (mod 4). This last equation contradicts the 
proposition. 
I now claim that the proposition also proves the second half of the theorem 
for odd k. For suppose there exists (h, , kl) E S with k, odd, and til E AC such 
that d(h, , k,) = n, . This implies that 
6k,l(+, . p1) = 171 1 
where (pl , 12) = 1 and p1 E 1 (mod 4). Rewriting the above equation we 
obtain that 
6(2k,) = n, . 2r,, . p1 = n, * ezkl . p1 , 
since 2~~~ = 2+ 1 = e2k 1 . This last equation, however, contradicts the 
proposition. 
Proof of the proposition. Suppose there exist k, p EZ+ with k even, 
(p, 12) = 1, p = 1 (mod 4), and n E AC such that 
6k = n . eB . p. (9) 
(a) If n = 0 (mod 12), write n = 12~ with v z$ 0 (mod 6) (since 
otherwise n would be in A). From (9) we have that 
k = 2v * ek * p. (10) 
From Table II we notice that k f 2 (mod 4), since if not, 4 would divide the 
rhs of (10) but not the lhs. Also k + 4,8 (mod 12), since if not, 3 would 
divide the rhs of (10) but not the lhs. So if (10) is to be true, k must be con- 
gruent to 0 (mod 12), in which case e, = 1. We now obtain a contradiction, 
since v + 0 (mod 6) implies that 12 does not divide the rhs of (10). 
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(b) If II = 2 or 10 (mod 12), write n = 12~ + 2c with c = 1 or 5. 
Note that v is even, since II E AC. From (9) we have that 
3k = (6v + c) . ek . p. 
For the above equation to be true, we must have 3 dividing e, . Also the 
following must hold: If 2” // k, then 2a /I e, . After referring to Table II, we see 
that the only even k which satisfy both of these conditions are those con- 
gruent to 14 or 22 (mod 24), in which case ek = 6. Considering k = 14 
(mod 24) first, we can rewrite the above equation as 3(24~ + 14) = (61, + c) * 
6p, which implies that 
12K + 7 = (6v + c) . p. (11) 
We now have a contradiction, since v even and c = 1 or 5 imply that the 
rhs of (11) is congruent to 1 (mod 4), while the Ihs is congruent to 3 (mod 4). 
We obtain a contradiction when k = 22 (mod 24) in exactly the same manner. 
(c) If y1 = 3 (mod 12) write it = 12 v + 3 with v = 0, 1 (mod 3). From 
(9) we have that 
2k = (41, + I) . eK - p. (12) 
For (12) to hold, the following must be true: If 2” 1) 2k, then 2” ]I ek . Hence 
k GE 2, 10, or 18 (mod 24), with corresponding e, = 12, 12, and 4. We now 
note that k = 2, 10 (mod 24) cannot occur, since then 3 would divide the 
rhs of (12) but not the Ihs. Hence, upon writing k = 24~ + 18, (12) becomes 
12K + 9 = (4V + 1) ’ p. (13) 
We now have a contradiction, since v = 0, 1 (mod 3) implies that 3 divides 
the lhs of (13) but not the rhs. 
(d) IT n = f4 (mod 12), write n = 12v i 4 with v even. From (9) we 
have that 
3k = 2 . (3v f 1) * ek * p. (14) 
First note that 3 must divide e, . From Table II, we also see that 
k + 2 (mod 4) since if it were, 4 would divide the rhs of (14) but not the lhs. 
The only k which satisfy these conditions are those congruent to 4, 8, 16, or 
20 (mod 24), with ek = 3 in all cases. We now have a contradiction, since v 
even implies that 4 divides the lhs of (14) but not the rhs. 
(e) If n = 6 (mod 12), write n = 12v + 6 with v $ 1 (mod 6). From (9) 
we have that 
k = (2~ + 1) * ek . p. (15) 
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Once again we look in Table II for those k which have the following proper- 
ty: If Za jj k, then 2” /I e, . We find that k = 6, 14, or 22 (mod 24) with cor- 
responding e, = 2,6, and 6. Notice, however, that if k = 14 or 22 (mod 24), 
then 3 would divide the rhs of (15) but not the lhs. Hence k =: 6 (mod 24), 
and upon rewriting (15) we obtain 
12K + 3 = (2V + 1) ’ /J. (16) 
Note that v must be congruent to I (mod 3) since otherwise 3 would divide 
the lhs of (16) but not the rhs. Since v f 1 (mod 6), we must have v = 4 
(mod 6). We now have another contradiction, since if v = 4 (mod 6), then 
the rhs of (16) is congruent to 1 (mod 4), while the lhs of (16) is congruent to 
3 (mod 4). 
(f) Ifn-7or11(mod12),writen=12v+cwithc=7orll.From 
(9) we have that 
6k = (12~ + c) * e, . p. 
In this case we must have el, = 12 since k is even, and (p, 12) = 1. Hence k 
is congruent to 2 or 10 (mod 24). Writing k = 24~ + 2, we have that 
12K + 1 = (12V + C) ’ p. (17) 
This is impossible since the lhs of (17) is now congruent to 1 (mod 4), while 
the rhs is congruent to 3 (mod 4). A contradiction for the case k = 10 
(mod 24) is obtained in exactly the same manner. 
(g) If n = 9 (mod 12), write rr = 12v + 9. From (9) we have that 
2k = (4V + 3) ’ ek * p. (18) 
Again we look for those k with the following property: Tf 2” jj 2k, then 
20 (1 e, . The only even k with this property are those congruent to 2, 10, or 
18 (mod 24), with corresponding ek = 12, 12, and 4. We can immediately 
eliminate the cases when k = 2 or 10 (mod 24) since then 3 would divide 
the rhs of (18) but not the Ihs. Hence k = 18 (mod 24), and upon rewriting 
(18) we have 
12K + 9 = (41, + 3)-p. (19) 
We now have a contradiction since the lhs of (19) is congruent to 1 (mod 4), 
while the rhs is congruent to 3 (mod 4). 
These seven cases cover all the n E AC, and hence we have demonstrated 
the validity of the proposition. 1 
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